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1 Introduction

In this paper, we propose an approach based on quadratic interpola-
tion to the numerical evaluation of the composition of the left and right
Riemann-Liouville integrals. The presented methodology is a fractional
equivalent to the classical Simpson’s rule [1].

2 Fractional preliminaries

In this section, we introduce the fractional operators used in this work.
According to the fractional calculus [3, 4] we recall the definitions of the
left and right Riemann-Liouville fractional integrals for α > 0

Iαa+f (t) :=
1

Γ (α)

∫ t

a

f (τ )

(t− τ )1−αdτ (t > a) (1)

Iαb−f (t) :=
1

Γ (α)

∫ b

t

f (τ )

(τ − t)1−αdτ (t < b) (2)

where denotes the Gamma function. Fractional integral operators,
which are a composition of the left and right fractional Riemann-
Liouville integrals, look as follows (see [2])

Iα,1a+,b−f (t) := Iαa+I
α
b−f (t) , for t ∈ [a, b] (3)

Iα,1b−,a+f (t) := Iαb−I
α
a+f (t) , for t ∈ [a, b] (4)

3 Main results

The interval [a, b] is divided into N (even) sub-intervals [ti, ti+1], for
i = 0, 1, ., N − 1 with a constant step ∆t = (b − a)/N by using nodes
ti = a + i∆t. Next, we replace function f by the quadratic polynomial,
which takes the same values as at the end points t2j and t2j+2, and the
midpoint t2j+1

f (τ ) ≈ (τ−t2j+1)(τ−t2j+2)

2(∆t)2
f
(
t2j
)
− (τ−t2j)(τ−t2j+2)

(∆t)2
f
(
t2j+1

)
+

(τ−t2j)(τ−t2j+1)

2(∆t)2
f
(
t2j+2

) (5)

We put the interpolation (5) into expressions (1)-(2) and by the additivity
of integration we get the approximations of analysed fractional opera-
tors.

Iαa+f (t)
∣∣
t=ti

≈ (∆t)α

2Γ (α)

i−2
2∑

j=0

{[
f2j − 2f2j+1 + f2j+2

] [
i2vαi,j − 2ivα+1

i,j + vα+2
i,j

]
−
[
(4j + 3) f2j − (8j + 4) f2j+1 + (4j + 1) f2j+2

] [
ivαi,j − v

α+1
i,j

]
−
[(

4j2 + 6j + 2
)
f2j − 8j (j + 1) f2j+1 + 2j (2j + 1) f2j+2

]
ivαi,j

}
= SL (ti,∆t, fi, α) (6)

where

v
β
i,j =


0 for i = j = 0

(i− 2j)β − (i− 2j − 2)β

β
otherwise

(7)

and

Iαb−f (t)
∣∣
t=ti

≈ (∆t)α

2Γ (α)

N−2
2∑

j= i
2

{[
f2j − 2f2j+1 + f2j+2

] [
i2uαi,j + 2iuα+1

i,j + uα+2
i,j

]
−
[
(4j + 3) f2j − (8j + 4) f2j+1 + (4j + 1) f2j+2

] [
iuαi,j + uα+1

i,j

]
−
[(

4j2 + 6j + 2
)
f2j − 8j (j + 1) f2j+1 + 2j (2j + 1) f2j+2

]
iuαi,j

}
= SR (ti,∆t, fi, α) (8)

where

u
β
i,j =


0 for i = j = N

(2j − i + 2)β − (2j − i)β

β
otherwise

(9)

The numerical results obtained for operator Iα,11−,0+f (t) and order α ∈
{0.4, 0.6, 0.8, 1, 1.5, 2} are presented below
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Figure 1: Numerical evaluation of the integral operator Iα,11−,0+f (t) for
different values of α.

Table 1: Maximum errors generated by the described method for the
integral Iα,11−,0+t

3−α

∆t α = 0.2 α = 0.4 α = 0.6 α = 0.8 α = 0.99

1/10 4.89·10−5 3.33·10−5 1.65·10−5 5.99·10−6 2.31·10−7

1/20 5.34·10−6 3.25·10−6 1.45·10−6 4.93·10−7 1.95·10−8

1/40 5.78·10−7 3.18·10−7 1.26·10−7 4.05·10−8 1.72·10−9

1/80 6.32·10−8 3.09·10−8 1.08·10−8 3.36·10−9 1.63·10−10

1/160 6.98·10−9 2.99·10−9 9.26·10−10 2.84·10−10 1.65·10−11

4 Conclusions

In this paper new formulas for numerical calculation of fractional inte-
grals were presented. We derived the numerical schemes for the left,
and the right Riemann-Liouville fractional integrals, and for the compo-
sition of these operators, using quadratic interpolation. Finally, exam-
ples of numerical evaluations of analyzed operators of selected func-
tion and maximum errors generated by the described method are also
shown.
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